
Int. J. Solids Structures, 1974, 10, pp. 197-209. Pergamon Press. Printed in Gt. Britain.

DYNAMIC PLASTIC BEHAVIOR OF STRUCTURES
UNDER IMPACT LOADING INVESTIGATED BY THE

EXTENDED HAMILTON'S PRINCIPLEt

M. TAYAt and T. MURA
Department of Civil Engineering and Materials Research Center,

Northwestern University, Evanston, lllinois 60201

(Received 8 January 1973; revised 5 July 1973)

Abstract-We propose the extended Hamilton's principle to investigate the dynamic plastic
behavior of a beam or a plate under an impact loading. Material is assumed to be rigid perfectly
plastic. The impact loading is given in the form of initial velocity. Good agreement between
our numerical solutions and experimental results done by Parkes and Jones indicates that the
proposed variational method is a powerful approximation method for the dynamic plasticity
analysis. The effect of strain-rate sensitivity on the permanent deflection of a plate is investigated
in some detail. Instead of nonlinear differential equations, nonlinear algebraic equations are
solved in the proposed method.

INTRODUCTION

Many designers have been concerned with the permanent plastic damage to structures
under impact loadings such as blasts of explosion and breaking water to naval structures.
For simplicity, material can be assumed to be rigid perfectly plastic in this paper. This can
be justified when energy disturbance imparted by an impact load is sufficiently large and the
elastic energy in the structures can be neglected. There are two approaches to solve the
dynamic plastic behavior of structures subjected to impact loadings. One is infinitesimal
deflection analysis where only bending moment is considered, the other is finite deflection
analysis where both bending moment and membrane force are considered. The latter one
is necessary when structures undergo large deflection of the order of several times the
corresponding plate thickness and membrane force gives a significant contribution to the
bending moment. Symonds and Mentel[l] solved analytically the dynamic plastic behavior
of a beam with axial constraints. Jones[2, 3] worked out experiments on the plate models and
also obtained theoretical predictions of the maximum permanent deflection of plates by
solving the governing differential equation approximately.

On the other hand, Martin[4] presented some bound theorems assuming a small deflection.
Martin's upper bound on the deflection is calculated in a simple manner; however, it does
not give reasonable agreement with experimental results when a beam or a plate undergoes
a finite deflection.

In this paper we propose the extended Hamilton's principle[5] to obtain numerical
solution for the dynamic plastic behavior of a beam or a plate. Comparison between these
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(1)

numerical solutions and experimental results are made by considering the effect of its strain­
rate sensitivity for the models made from mild steel.

ENERGY DISSIPATION FUNCTION

Sawczuk{6] studied the post yield behavior of a plate under static load. Membrane
action due to the change in the geometry of the plate is taken into account in his study. He
assumed the plastic hinge line along which an energy dissipation can take place, while the
remaining part of the plate is assumed to move as a rigid body during the response. He
constructed the governing equation as follows:

LPo w dA = it! (M + Fw)B Ji

where A is the undeformed plate area, Po the external static load of the plate, w the transverse
deflection and M, F are the bending moment and the membrane force, respectively. Bi is
the relative angle across the ith plastic hinge line, and Ii is the length of the ith plastic hinge
line.

Equation (1) can be interpreted as an energy balance, since the left hand side of equation
(I) stands for the work done by the external force, while the right hand side of equation (1)
stands for the energy dissipated by bending moment and membrane force along the plastic
hinge line. The term (M + Fw)() is called the energy dissipation function per unit length of
the plastic hinge line. Jones[2] modified the energy dissipation function for a dynamically
loaded clamped plate as follows:

D = MoO + 4w1H)()

where M o is the static yield moment, and H the plate thickness.
In the derivation of equation (2), the following simple yield criterion has been used

MIMo = ±l,

FIFo = ± 1.

(2)

(3)

THE EXTENDED HAMILTON'S PRINCIPLE

Hamilton's principle is well established for a conservative system. According to Courant
and Hilbert[7], "The actual motion makes the value of the integral J stationary with respect
to all neighboring virtual motions which lead from the initial to the final position of the
system in the same interval of time," where

J= (' (T- U) dt,
• to

(4)

where T is the kinetic energy, and U the potential energy. Namely, the stationary condition
expressed in equation (5), that the variation of J with respect to generalized coordinates
qi , qi is zero, leads to Lagrange's general equation of motion.

bJ = O. (5)

In order to apply Hamilton's principle to a nonconservative system, we propose to modify
equation (5) as follows:

t1 tl

f>J = b f (T - U) dt = f bE dt
to to

(6)
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where bE stands for the dissipated energy during dt. Equation (6) can be interpreted as an
equation of energy balance. When the principle is applied to the dynamic plastic behavior
of a beam or a plate, we have

(7)

where tf is the duration of the response of a beam or a plate, f.L the mass per unit area, and
p the transverse pressure. M is taken as M 0 for a cantilever beam and for a clamped plate
with small deflection. While M is taken from equation (2) as

(8)

for a clamped plate with large deflection. In this paper, equation (7) is the fundamental
equation to predict the maximum permanent deflection due to a dynamic loading together
with the initial and final conditions, i.e.

w = 0 at t = 0

w= 0 at t = tf .
(9)

The justification of the extended Hamilton's principle can be seen from the principle of
energy balance as mentioned before. However, the following fact supports further justi­
fication of the principle. When the variation in the right-hand side in (7) is taken with
respect to w, and the integrands with respect to the time integrals in both sides in (7) are
put equal, equation (10) of [2] derived by Jones is obtained.

DYNAMIC PLASTIC BEHAVIOR OF A CANTILEVER BEAM
WITH A STRIKER AT ITS TIP

Consider a cantilever beam which is suddenly struck at its tip by a moving mass No with
initial velocity Vo as shown in Fig. 1. This problem was investigated by Parkes[8] experi­
mentally and theoretically. He made the following assumptions

(i) Material is rigid perfectly plastic.

(ii) The segment between the travelling hinge and the tip undergoes rigid motion.

(iii) Velocity field of the segment is w = (l - x/¢")wo.

Under these assumptions, he set up two equilibrium equations, i.e. equilibrium of force in
the vertical direction and of moment about the tip. The response of a beam consists of two
stages. The first stage is from t = 0 to t = t, until the travelling hinge reaches the built-in
end, the second stage is from t = t I to t t f until the deformation of a beam stops. He
worked out the governing equations and obtained a theoretical prediction for the permanent
deflection of the tip of a beam. Experimental results for hot rolled mild steel and theoretical
predictions obtained by Parkes are given in Table 1.

In Parkes' experiments, two extreme cases were investigated. One is for a heavier striker,
the other for a lighter striker. He found that the beam with a heavier striker deforms without
the travelling hinge, as shown in Fig. 2, while the beam with a lighter striker deforms with
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Fig. 1. A cantilever beam loaded at its tip. (a) load and dimension, (b) hinge in interior of a
beam, and (c) hinge at built-in end of a beam.

Table 1. Comparison between experimental results of hot rolled mild steel and theoretical predictions of
the maximum permanent deflection and the duration of response

WOf WOf WOf
WOf

t f
t f

Specimen (Martin's (Martin's
No. No Vo (Parkes' (Parkes' (present upper (present lowerexperiment) theory) theory) bound) theory) bound)

1 2 4 6·4 0·22 0·21 0·22 0'22 0·56 0'56
2 4 4 6-4 0·42 0·44 0·44 0·44 I-l6 1'15
3 8 4 6·4 0·93 0·93 0·95 0·94 2·47 2·44
4 12 4 6·4 1'53 1·48 1·53 1·50 3-98 3-91
5 2 4 9·0 0·43 0·42 0·43 0·42 0·79 0'79
6 4 4 9·0 0·90 0·87 0·88 0·87 1-63 1-62
7 8 4 9·0 2·15 1-85 1·88 1'86 3'48 3'44
8 12 4 9·0 3·46 2·97 3'02 3·00 5'59 5·49
9 2 1 12·7 0'18 0·21 0·21 0·21 0·28 0·27

10 4 1 12·7 0·37 0·39 0·43 0·42 0·56 0·55
11 8 1 12·7 0·77 0·85 0'88 0·85 I-l7 1'11
12 12 1 12·7 1'11 1·29 1'38 1·29 1·81 1-69
13 2 1 18·0 0·37 0·42 0-42 0·42 0·39 0·39
14 4 1 18·0 0·78 0·84 0·86 0·84 0·79 0·78
15 8 1 18·0 1-68 1·70 1·78 1·70 1-65 1·57
16 12 1 18'0 2·43 2·68 2·78 2·59 2·57 2-39

No-the weight ofthe striker (lb); Vo-the initial velocity of the striker (ft/sec); I-the length of the beam (in)
wo,,--the maximum permanent deflection (in); tf-the duration of response (10- 2 sec).
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Fig. 2. Displacement field of a cantilever with a heavy striker at its tip.
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the travelling hinge as shown in Fig. l(b). In our analysis, for simplicity, we chose the case
of the heavier striker. Equation (7) for this problem becomes

(10)

when the membrane force is neglected. The displacement field along the beam is assumed as

where

W = wo(1 - xli) (11)

(12)

with arbitrary constants Cl , Cz which must be subjected to variation. The polynomial of
(12) is the simplest form to satisfy condition wo(tI) = O. When the initial condition

wo(O) = Vo

is introduced in addition to the conditions (9), we have

(13)

(14)

(15)

(16)

(17)

Substituting equations (11)-(15) into equation (10), and taking variation with respect to
Cl> we can determine the value of Cl.Using Cl , we obtain the duration of the response
tI and the maximum permanent deflection wOI as follows:

Vo I(N0 + m113)
t1= --------­Mo

Vo2/(N0 + m113)
WOl =

2Mo

These theoretical predictions derived from equations (16) and (17) are given in Table 1.
The agreement with the experimental results is satisfactory as shown in Fig. 3. Martin[4]
derived a lower bound on the duration of the response tI and an upper bound on the
permanent deflection wOl' These values are expressed as follows, when body forces are
neglected.

IJSS Vol. 10 No, Z-E
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A ••••. A No =41b, Vo=9ft/sec

S·· ..... No =llb,Vo :18ft/sec
C·",o No =41b, V, =6-4ft/sec
D"'·. No = lib, V" :12·7ft/sec

Fig. 3. Parke's experimental results of hot rolled mild steel and the present theoretical pre­
dictions (curves) for permanent deflection of a beam with a heavy striker at its tip. WOf = the

maximum permanent deflection, I = the length of the beam.

(18)

(19)

where p is the mass density, Vi the initial velocity of disturbance, lit the velocity of a beam,
D(Iin the dissipated energy associated with the assumed velocity field, and RL is the quasi­
static limit load.

If the same linear displacement field as in Fig. 2 is assumed, equations (18) and (19)
become

tf ~ No Vol/Mo (20)

wOfsNoVo21/2Mo' (21)

These two bounds are also given in Table I. It is observed that experimental values some­
times exceed the upper bounds. Martin's theory seems to be unsuitable for the case of large
deflection, as will be discussed later.

Specimens used in Parkes' experiments were made from hot rolled mild steel which is
notorious for its strain-rate sensitivity. Parkes assumed that the average strain-rate during
the response of a cantilever was 1·0 per second. He therefore concluded from (50) that the
dynamic yield stress becomes 1·5 times the corresponding static yield stress. The same effect
of the strain-rate was employed in the present calculation.

DYNAMIC PLASTIC BEHAVIOR OF A CLAMPED RECTANGULAR
PLATE WITH A UNIFORMLY DISTRIBUTED INITIAL VELOCITY

Jones[2] assumed the roof-shaped displacement field as indicated in Fig. 4. This displace­
ment field was assured experimentally by Jones[9]. After solving the associated nonlinear
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Fig. 4. Plastic hinges and coordinates.
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differential equation approximately, he obtained the maximum permanent deflection as
follows:

where

WOf (3 - ~o){(l + r)1/2 - I}

H 2{1 + (~o - l)(~o - 2)}

a
f3 =-,

b

(22)

(23a)

(23b)

(23c)

Jones[3] carried out experiments by using aluminum 606IT6 and hot rolled mild steel. The
experimental results (triangular and rectangular marks) and his theoretical predictions
(dotted curves @) are shown in Figs. Sea) and (b) for the case of aluminum 606IT6.

We propose to use the extended Hamilton's principle instead of solving the associated
differential equations. For infinitesimal deflection, M is taken as a constant M 0' then
equation (7) becomes

II II

bf f 1J.LW2 dA dt = f f M ob8 dim dt. (24)
o A 0 1m

Since p = °for t > 0, the second term in equation (7) has been neglected. We assume the
same displacement field as indicated in Fig. 4. Calculation is carried out over a quarter
part AIGH. Angle ¢ is determined from upper bound theorem of the corresponding static
problem[10].

(25)

By using equation (25), it is assumed that hinge lines AH, AI, AE and EG in a quarter part
are time-independent during the response of a plate under an impact loading. Central
deflection of a plate Wo is assumed as follows:

(26)
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Fig. 5. Jones' experimental results of aluminum 6061 T6 and theoretical predictions (a) for
f3 = 0'593, and (b) for f3 = 1. WOf = the maximum permanent deflection, H = the thickness of
the plate, ,\ = the impulse parameter, f3 = the aspect ratio.
Curve CD: Infinitesimal deflection analysis in the present theory
Curve ®; Upper bound by Martin
Curve @: Lower bound by Morales and Nevill
Curve @: Jones' theoretical prediction
Curve @: Finite deflection analysis in the present theory.

(27)

where Vo is a given initial velocity and d1 is a coefficient which is subjected to variation. The
initial conditions are automatically satisfied.

WoCO) = 0, (28)
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The final condition wo(tf) = 0 gives
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(29)

(31)

along AE

Vo
t ---f - 2d

1

The transverse deflection w at an arbitrary point is expressed in terms of Wo and non­
dimensional coordinates ~, I}

~ o:s;; ~ :s;; I}~o for the part AHEw -
o ~o

w= ~
for the part AEJ

(30)
Wotl O:s;; I} :s;; ~o

Wol} 0:S;;1}:s;;1 for the part JEGI

where ~ =x/a, I} = ylb.
Using equations (27), (29) and (30), and taking variation with respect to dl , we have

II I 7 (1 ~) V. 3
c5 f f - I1 w2 dA dt =- abl1 - _..2 -;. c5dl .

o A 2 12 3 6 dl

From geometry, relative angle fJ across a hinge line is expressed in terms of Wo

(
COS tfr sin 4»--+-- Wo
a~o b

then,

() = Wo
b

along AI and EG

along AH

(32)

where

k = (COS 4> +sin 4»a J(f32 + ~02) + ~ (2 - ~o) +!?-.
a~o b b a~o

From equations (26), (29) and (33), we have

'I M okV0
3

f f M 0 be dIm dt = - 3 Odl ·
o 1m 24d1

Thus, equation (24) leads to

d _ _ Mok

1 - (1 ~)
14 "3 - : abf/

(34)

(35)

(36)

The duration of response tf and the maximum permanent deflection wOf for infinitesimal
deflection analysis are obtained as folIows:
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(38)

(37)
(
1 ~o)28 :3 - 6" VoabJ1

tJ =------
Mok

W _ 2(~_ ~o) abJ1V0
2

OJ - 2 3 6 Mok'

The maximum permanent deflections wOJ calculated from equation (38) for aluminum 6061
are shown by curves denoted by CD in Figs. 5(a) and (b). It is observed that infinitesimal
deflection analysis is valid only when the magnitude of the deflection is less than about one
half of the plate thickness. Ho.wever the result will be much improved when the effect of
membrane force is taken into account in the following way. M o in equation (24) will be
replaced by M given in equation (8). Then, we have

The time-dependent central deflection Wo is assumed as before

W o = Vo t + d2 t 2
.

(39)

(40)

Taking similar procedure as in the case of infinitesimal deflection analysis, the left hand side
of equation (39) becomes

7 (1 ~o) V0
3

12 abl1"3 6" d/ bd2

while the right hand side of equation (39) becomes

Mo V0
3

{ k 1 3k2 V0
2

}

-V - 24 + 320d
2

H bd2

where

2b a
k 1 = 7 + tan <P + - (2 - eo)

a<,o b

2b 4a
k 2 = - + 2 tan <P + -b (l - eo)'

a~o

Then equation (39) leads to

where

e - 2- (~ _ ~o) abJ1
1 - 12 3 6 M o

k 1

e2 = 24

3k2 VOl

e3 = 320H

(41)

(42)

(43a)

(43b)

(44)

(45a)

(45b)

(45c)
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The final condition tf = - Vo/2d2 and W Of = wo(t f) give

and
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(46)

(47)WOf = 2 •
2[e2 + .j(e2 + 4e1e3)]

The maximum permanent deflections wOf calculated from equation (47) for aluminum
6061 are shown by curves denoted by Q) in Figs. 5(a) and (b). Our numerical results agree
with the experimental results as well as the results of Jones' which are based on the approxi­
mate solutions of the associated nonlinear differential equation. It should be mentioned that
curves @ and Q) are based upon the same yield criterion (3).

It is shown in reference[3] that Martin's upper bound on the maximum permanent
deflection of a rigid-plastic rectangular plate with a uniformly distributed initial velocity
is given as the right hand side of the following inequality.

(48)

where A, f3 are defined in equations (23b) and (23c), respectively, and H is the plate thickness.
In the same reference the corresponding lower bound is given by Morales and Nevill[ll]
as follows:

(49)

These upper and lower bounds are also plotted in Figs. 5(a) and (b) by curves CZl and (3),
respectively. It is seen that these two bounds deviate from the experimental results when the
plate undergoes a finite deflection.

The effect of strain-rate sensitivity on the maximum permanent deflection is important
for mild steel, while it is not so important for aluminum. An empirical formula to obtain
a dynamic yield stress (J is given in[12] as

(50)

where D and n are material constants, and (Jo is the yield stress at lower strain-rate. The
o~ders of D and n are D = 40 per sec, n = 5. We can guess roughly that the average strain­
rate of mild steel used in Jones' experiment[3] is about 10 per sec. The average strain-rate was
calculated by the deformation of a unit strip from IK to IGK (see Fig. 4) divided by the
duration of response tf. Then the dynamic yield stress becomes (from equation (50)) 1·9
times the corresponding static yield stress (Jo. In Table 2, values of the maximum permanent
deflections obtained by the present theory for hot rolled mild steel are shown by using both
the static yield stress and the dynamic yield stress for comparison. It is observed that the
corrected theoretical predictions by using the dynamic yield stress give much better agree­
ment with experimental results than the one by using static yield stress, especially for large
deflection. The still remaining gap between the corrected theoretical predictions and the
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Table 2. The effect of dynamic yield stress on the maximum permanent deflec-
tions for hot rolled mild steel

Specimen
f3 wOf(exp)/H wOf*/H woIlH

fLVo2a2

No. A=--
MoH

I 0'249 0·30 0'56 0·85 74
2 0·249 0·64 1·03 1'53 189
3 0'249 0'74 1·42 2'06 315
4 0·249 1-88 2·73 3-89 984
5 0·249 1·19 1-69 2'45 426
6 0·499 0·78 1·32 1·95 88
7 0'499 1·70 1·95 2'85 167
8 0·499 2·05 2-67 3-83 286
9 0'499 3-96 4·26 6'03 663

10 0·7515 0·74 1'67 2-45 73
II 0·7515 3'10 3·00 4·30 196
12 0'7515 3-82 3·74 5'33 292
13 0'7515 6·71 6'28 8·83 747
14 0'7515 7-46 7'12 10'00 946
15 0·9996 1'58 2·00 2'93 73
16 0·9996 3'68 3'55 5'08 193
17 0'9996 4'32 4-65 6'60 315
18 0·9996 7-98 6·90 9'70 647
19 0·9996 9'31 8·90 12-46 1046

wOf-the permanent deflection by using static yield stress; wOf*-the perma-
nent deflection by using dynamic yield stress; f3-a/b the aspect ratio.

experimental results for hot rolled mild steel may be caused by the fact that the average
strain-rate has been taken by neglecting its change in the space and the time.

In conclusion, the application of the extended Hamilton's principle gives a simpler
method to get the permanent maximum deflection and the duration of response by solving
the nonlinear algebraic equations instead of solving the nonlinear differential equations.

CONCLUSION

The dynamic plastic behavior of a beam and a plate with given initial velocity is solved
numerically by proposing to use the extended Hamilton's principle. It is shown that these
numerical predictions agree remarkably well with experimental results for aluminum. From
comparison between infinitesimal and finite deflection analysis, it follows that both bending
moment and membrane force must be considered for a large deflection of order of about
one half of the plate thickness and more.

It is also shown that the strain-rate sensitivity must be taken into account for hot rolled
mild steel.
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A6cTpaKT - npeAnaraeTcli 060611\eHHblli IlpHHUHIl raMHnbTOHa, B uenblO HccneAOBaHHlI
AHHaMH~eCROro IlnaCTH~eCRoro IlOBeAeHHlI 6anRH HnH IlnaCTHHRH, IlOA BnHlIHHeM YAapHoH
Harpy3RH. npHHHMaeTcli MaTepHan lKeCTRO- HAeanbHO IlnaCTH~eCRHli. YAapHall Harpy3Ra
3aAaHa BcPopMe Ha'lanbHOli CROpOCTH. HaAnelKall\ee cornaCHe MelKAY '1HCneHHbIMH peweHHlIMH
aBTopoB H3RCIlepHMeHTanbHbIMH pe3ynbTaTaMH napReca H)J,lKoHca yRa3blBaeT, 'ITO IlpeAno­
lKeHHbIH BapHaUHoHHblH MeToA lIBnlleTCli MOWHblM IlpH6nHlKeHHblM MeToAOM Anll aHanH3a
AHHaMH'IeCROH TeopHH IlnaCTH~HoCTH. I1ccneAyeTcli IlOAP06HO 3cPcPen '1yBcTBHTeJlbHOCTH
CROpOCTH AecPopMaUHH, OTHoCHTenbHO IlOCTollHHoro IlporH6a IlJlaCTHHRH. BMeCTO HenHHeli­
HblX AHcPcPepeHUHanbHblX ypaBHeHHli, B IlpeAnaraeMoM MeToAe pewalOTClI HenHHeliHble
anre6paH~eCRHe ypaBHeHHlI.


